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The presented modification of the transport equations of Kedem-Katchalsky resulted in the introduction of (w,/w) and
w/{w —Lpa[(l—a)(_jl—(l—us)fz]} factors into the Kedem-Katchalsky equations. The above factors determine the in-
fluence of boundary layers on transport across the membrane. The modified Kedem-Katchalsky equations were verified for
synthetic membranes and it was shown that the value of the (w,/w) factor depended on the type of membrane and the
membrane configuration system. This modification facilitated a wider range of application of the Kedem-Katchalsky
equations to systems in which the solutions were stirred or unstirred.

1. Introduction

The so-called practical Kedem-Katchalsky
equations are used in the quantitative description
of the transport of a substance across an optional
membrane (semipermeable, selective and perme-
able) separating solutions of various concentra-
tions [1,2]:

J,=L,[oRTAC + AP], (1)
j,=J,(1—6)C—wRTAC, (2)

where J, is the volume flux, j, solute flux, RT
product of gas constant and absolute temperature,
AC concentration difference, 4 P hydrostatic pres-
sure difference, C average concentration, Lp
filtration coefficient, o reflection coefficient and
w membrane permeability coefficient.

These equations are valid for solutions which
are sufficiently diluted and well stirred, and this
indicates that these conditions must be fulfilled
when the coefficients o and w are determined.
Good solution stirring may be provided by the
application of suitable mechanical stirrers [3,4].

‘When the solutions are not stirred mechanically

on both sides of the membrane the diffusion
boundary layers are formed [5-10]. These layers
are the direct reason for the occurrence of
gravity-induced membrane phenomena, including
asymmetry and amplification of osmotic transport
[4] of graviosmotic transport [11-13]. A ‘mem-
brane version of Rayleigh-Taylor instability’ was
noted, and described in ref. 14 on the basis of
hydrodynamics.

The problem of the modification of the
Kedem-Katchalsky equations has been under-
taken in order to determine the formalism which
forms the basis of an analytical description of the
above-mentioned membrane phenomena.

The aim of this paper is to present a modifica-
tion of the Kedem-Katchalsky equations, so that
they can be applied with reference to membrane
systems in which the solutions are stirred weakly
or unstirred.

2. The modification of the Kedem-Katchalsky
equations

The membrane system presented in fig. 1 will
be considered. It is composed of a symmetric
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membrane of thickness d and two unstirred solu-
tions of the same nonelectrolyte substance at con-
centrations C; and C,. In this system water and
the dissolved substance diffusing across the mem-
brane will lead to the formation of boundary
layers of thickness 8, and 68,. These layers, which
are in fact diffusion layers, can be treated as
membranes characterized by the permeability
coefficients w, and w,. Thus, we are dealing with
a complex of three membranes sticking together,
i.e., two boundary layers (1,, 1,) and the mem-
brane (M).

Let us determine the flux, j. of dissolved
substance diffusing from layer 1, across the mem-
brane M (whose permeability coefficient is ) to
layer 1, as well as that of dissolved substance
diffusing from the solution of concentration C,
across the complex of the diffusion boundary
layers and the membrane to the solution of con-
centration C; by j,. The permeability coefficient
of this complex will be indicated by w,.

On the basis of eq. 2 we can write

Jim=J}(1—06)C —wRT(Cy - G,). (3)
jss=‘]v*(1_os)62_wsRT(C2"_ Cl) (4)

In the steady state the following condition is
fulfilled

Jsm =Jss =J" (5)

In such a case the solution of the system of
equations results in

wS
C,-G= “(;(Czwcl)

JX(1-06)C—(1—-0,)C
+ ~RT | . (6)

The volume flux in the membrane system shown

in fig. 1 can be expressed by the following equa-
tion:

J¥=L,[oRT(C,—~ C,) + AP]. (7)
Taking into consideration eq. 6 in eq. 7 we obtain

JV=LP§[0%5RT(C2—C])iAP], (8)

where

¢=

(O]

w-Lo[(1-0)C,~—(1-0a)G]

The classical definition of the membrane reflec-
tion coefficient, o= (AP/Am); _,, and eq. 8
show that the reflection coefficient of the bounda-
ry layer-membrane-boundary layer complex
(pseudo-reflection coefficient) is expressed by

W,

0, =0~ 9
w

This formula is in accord with the results of
Kedem and Katchalsky [15] for series of mem-
branes, and with the results of Jonsson [16] for
asymmetric membranes.

Using the expression [6,17]:
1 1 R

T
Z—“:-—T)—(ﬁl'f'ﬁz)) (10)

3

where w, is the permeability coefficient of the
membrane-boundary layer system, w the mem-
brane permeability coefficient, D the diffusion
constant, and 8, and 8, the thickness of the
boundary layers, egs. 8 and 9 can be written in the
following way:
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Fig. 1. Membrane system (M, membrane; 1;, 1,, diffusion
boundary layers; C;, C,, total solution concentration; C,, Cy,
local solution concentration; ji,, jg. solute flux; JJ¥, volume
flux; w,, w,, permeability coefficients of the boundary layers;
w, membrane permeability coefficient; «,, permeability coeffi-
cient of the complex of membrane and boundary layers).
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Table 1

Membrane thickness and membrane permeability parameters
for glucose

Membrane  d (um) L, (m’  o(X10%) w« (mol
N—l svl) N—'l S—l)
(X10") (x10'%
Nephron * 200 50 6.8 8.0
Cellulose RA 600 1.6 9.4 3.0
Cellulose RB 800 0.85 11.2 1.0

* The properties of the Nephron membrane are similar to
those of the Visking dialysis tubing used by Ginzburg and
Katchalsky [6).

w, RT
J*= Lpg{aRT[l - T(Sl +82)]

x(C,~ ) £ AP). (12)
By analogy we obtain
js* =Jv*(1 - US)E_“JSRT(CZ - Cl) (13)

Egs. 8, 12 and 13 are a simple modification of the
Kedem-Katchalsky transport equations.

3. Experimental verification of the obtained depen-
dences
3.1. Materials and methods

Studies upon osmotic and diffusive transport
through membranes were carried out by means of

Table 3

Values of the pseudo-reflection coefficient o,

Membrane Configuration o,
Expt. Eq. 9 Eq.11
Nephron vertical & 0.03 0.029 0.029
horizontal b 0.031 0.031 0.030
horizontal ¢ 0.0024 0.0023 0.0031
Cellulose RA  vertical a 0.056 0.056
horizontal b 0.06 0.064
horizontal ¢ 0.007 0.0069
Cellulose RB  vertical a 0.09 0.09

horizontal b 0.10 0.101
horizontal ¢ 0.01 0.014

the measuring system whose detailed description
has been given in the previous papers [4,18). The
measuring system was set in three configurations.
In configuration a the membrane was put in the
vertical plane, and in configurations b and ¢ in the
horizontal plane. In configuration b the solution
of concentration C, was found above the mem-
brane, but in configuration ¢ under the membrane.

In the afore-mentioned papers the methods of
determination of the volume flux (J.*), solute flux
(j¥), and permeability coefficient w, were de-
scribed. The parameters of the membrane, ie.,
filtration coefficient (L), reflection coefficient
(o), and permeability coefficient (w), were de-
termined according to the methods in ref. 2. Their
values for three membranes and the membrane

Table 2
Value of coefficients «, and the (w,/w) factor
Membrane Configuration w, (mol N~1s71) (x10%) w, /W)
Expt. Eq. 14 Eq. 15
Nephron vertical a 0.37 0462 0.465 0.46
horizontal b 0.40 0.503 0.503 0.490
horizontal ¢ 0.03 0.0375 0.04 0.039
Cellulose RA vertical a 0.18 0.60 0.607 0.602
horizontal b 0.20 0.67 0.668 0.663
horizontal ¢ 0.022 0.073 0.07 0.071
Cellulose RB vertical a 0.08 0.80 0.809 0.803
horizontal b 0.09 0.90 0.914 0.907

horizontal ¢ 0.013

0.13 0.11 0.12
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thickness (d) are listed in table 1. All expertments
were performed for aqueous glucose solutions.

3.2. Results and discussion

Our investigations indicate that the values of
the coefficients L, ¢ and w are not governed by
the configuration of the membrane system,
whereas the values of coefficients o, and «, do
depend upon the membrane system configuration
as shown in tables 2 and 3.

The results obtained on the osmotic and diffu-
sive transport are presented in figs. 2-5. The
graphs illustrating the dependence J, = f(AC) for
various synthetic membranes are shown in figs, 2
and 3. The results presented in fig. 2 were ob-
tained when the solutions were stirred mechani-
cally at 500 rpm, whereas those in fig. 3 were
obtained with the solutions being left unstirred.
The graphs of the j, = f(AC) dependence obtained
under conditions similar to those for the J, =
f(AC) dependence are shown in figs. 4 and 5. In
connection with the above we found that J, and
J, obtained under conditions of intensive stirring
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Fig. 2. Dependences J, = f(AC) of solutions obtained under
good stirring conditions by mechanical means. Traces: 1,
Nephron; 2, cellulose RA; 3 cellulose RB.

did not depend upon the configuration of the
membrane system, but upon the membrane type.
J* and j* obtained without mechanical stirring
depended on the configuration of the membrane
system and the type of the membrane as shown in
the graphs in figs. 3 and 5.

On the basis of interferometric studies made
upon the interface regions of membrane layers
[14], it was found that a hydrodynamically stable
system of layers was observed in configuration c.
For this configuration the concentration-gradient
Rayleigh number (R_.) was smaller than its criti-
cal value (R¥), and in this case the solutions were
not stirred. In configurations a and b, R > R%,
and in this respect convective flow perpendicular
to the membrane surface was present. Therefore,
the stirring was weak. The thickness of the diffu-
sive boundary layers was determined on the basis
of the interferograms obtained for a 0.1 M aque-
ous glucose solution. The results were as follows:
for configuration a, §, =200 pm [18]; configura-
tion b, 8, =180 pm; and for configuration c,
3, =420 pm [14].
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Fig. 3. Dependences J.* = f(AC) of solutions obtained without
any mechanical stirring. Traces: 1°-17, Nephron; 2/-2",
cellulose RA; 3'-3'”, cellulose RB. 1’3, configuration a;
177-3", configuration b; 1/-3"’  configuration c.
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Let us consider egs. 1 and 8. It is clear that

% _ 4 J,—JxE!

w  LoRTAC ® (14)
Since the expression Lo[(1 —0)C; — (1 —0,)G,]
occurring in eq. 8 was smaller than w by two
orders of magnitude (on average), we assume that
§=1. Because J, and J* are linear functions of
AC for T = constant, and L, and o are constant
for the studied membranes, then (w,/w) =
constant. In the same way, j, and j* are linear
functions of AC. Hence, from the expression

Wy 6(1 - GS)JV* _js*

PRV (15)

which is obtained from egs. 2 and 13, it is evident
that (w,/w) = constant. The constant value should
also be obtained when the values of coefficients w
and w, are determined experimentally. Their val-
ues are presented in tables 1 and 2. In fact, the
tabulation of (w./w) values for the three mem-
branes and three configurations of the membrane
system indicate that the value of (w,/w) is con-
stant for a given configuration of the membrane
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Fig. 4. Dependences j, = f(AC) were obtained under condi-
tions analogous to those for dependences J, = f(AC).
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Fig. 5. Dependences j* = f{AC) were obtained under condi-
tions analogous to those for dependences J* = f(AC).

system. The following condition results from de-
pendences of egs. 14 and 15:
wS

4. Conclusions

The Kedem-Katchalsky equations were derived
on the basis of linear thermodynamics of irreversi-
ble processes for well-stirred solutions. The useful-
ness of these equations for descriptions of mem-
brane transport processes has been confirmed
[1-3,5,6,17,20,23,24].

In the case of weakly stirred (i.e., convection-
ally) or unstirred solutions the usefulness of these
equations is limited by parameters ¢ and «. The
coefficients determined under such conditions do
not refer to the membrane but to the complex of
membrane and diffusion boundary layers, and
they should be expressed by the pseudo-reflection
coefficient (o,) and coefficient w,. The probiem of
biomembrane parameters discussed in several
papers [5,8,10,17,21,22,24-26] concerns biological
systems in which it is very difficult to provide
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conditions for good stirring. The paper by Barry
and Diamond [10] reviews the effects of boundary
layers on membrane phenomena.

The proposed modification of the Kedem-
Katchalsky equations expands the range of their
application to weakly stirred and unstirred sys-
tems.
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